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CHAPTER l 
IN'rRODUCTION 
The prediction of stresses .and deflections .. of airf:r;~mes 
is a critical phase of structural analysis in the aircraft 
industry. Prelimiilary design is usually based on elementary 
strength of materials methods. ·Final design is usually 
based on finite element methods which require large computer 
programs. A need exists for methods which will yield 
results as accurate as finite element methods and are 
simple to apply. 
Ritz ( 1) developed the energy method. at the turn of·· the 
twentieth century. · Because no sui.table general method was 
available to deterµiine the magn:itude of the error in the 
results 1 a lack of confidence in the method delayed its 
application until Gerald Pickett (2) dete:r;"mined the natural 
freque.ncies of a clamped plate .subjected to a lateral. load. 
. . . 
. Since that time several inve1;3tigators have used the energy 
. . 
method to determin~ the natural frequencies of vibration of 
p:l,.ates with vario1,1s shB;_Pes and boundary conditions. 
Anderson (3) determined the natural frequencies for two 
. . 
symrn~tric and two ant'isymmetric modes for triangular plates 
clamped at.the base. His results pointed out that reason-
able acciu'acy could be obtained using an eight term·series 
l 
to approximate deflections. · Young. (4) determined the 
natural frequencies.of a square plate clamped at all edges, 
a square plate clamped at two adjacent edges and.free along 
the other two edges, and a square plate clamped along one 
edge and free along the other three edges. A nine term 
series yielded exceptionally good results.· Little, Stolz, 
and Schmerda (5) used the Ritz Method to determine the 
natural frequencies of a composite structure in the form of 
a circuit-board assembly. The results compared well with 
. experimental data. 
Investigations have been performed to determine the 
. stresses and deflections of flat plates subjected to static 
transverse loads. Liessa and Niedenfuhr (6) determined the 
deflections of a cantilevered plate with the Ritz Method. 
Their results compared, favorably with solutions obtained by 
beam.theory, .finite dif;f'erences, and experimental methods. 
Timoshenko (7) obtained a solution for the stresses 
and deflections of a rectangular panel subjected to a 
parabolic tension. Pickett (2) examined these.results and 
found the deflections to be in excellent agreement with 
.those determined·by the Mult;i.ple·Fourier Method. However, 
.boundary stresses differed up to two percent. 
The analysis of stiffened panels is a relative:;I.y 
recent development. Argyris (8) formulated a solution, 
based on the Force Method, using rnatrix.notation for 
complicated structures. Turner, et al. (9) developed a 
method of analysis.for stiffened panels based on the 
2 
3 
Stiffness Method. 
Ayres (10) investigated the stresses and deflections in 
stiffened rectangular panels subjected to various load 
condit;i.ons. At approximately the same time, Stone (11) 
investigated the stresses and deflections in a stiffened 
trapezoidal panel subjected to various load conditions. 
Both investigators report results which compare favorably 
with their experimental data. 
A survey of the various methods has been conducted by 
Rigsby (12) in which an attempt was made to determine which 
method of solution should be used. This survey had 
applicability to stringer stresses only. The conclusion 
drawn was that energy methods were preferable to other 
methods in determining stringer stresses. 
The Force Method and the Stiffness Method are the two 
popul~r methods of analysis now being used in the aircraft 
industry. 
The Force Method is based on the premise that there are 
an infinite number of force systems for a giv~n structure 
whicn will satisfy the conditions of equilibrium, but that 
only the correct force system will also satisfy the condi-
tions of compatibility with regard to displacements. The 
structure can be idealized as webs (which sustain only shear 
loads) and stringers (which sustain only direct loads) as 
illustrated in Figure 1. This idealization requires that 
an "effective" stringer be used. The "effective" stringer 
is composed of the original stringer plus an effective area 
Figure 1. 
., . 
. ·. 
---
Force Method 
.Assumption 
Figur~ 2. Stiffness Method 
Assumption 
4 
added because of the assumption that the web sustqins only 
shear loads. The amount of web area added to the stringers 
depends on the stress levels to be encountered, the panel 
material, and the type of loading (lJ). 
The unknown quantities in the Force Method are the 
redundant forces in the structure. The total potential 
energy is expressed in terms of the redundant forces and 
5 
the external forces. The deformations are determined from 
an assumed stress-strain relationship and the kinematic 
relationships. Compatibility is then used to obtain a set 
of simultaneous equations from which the redundant forces 
are calculated. Additional calculations yield the displace-
ments. 
The second popular method is the Stiffness Method which 
requires that the structure be idealized by considering the 
structure to be connected only at the nodes chosen for the 
analysis. The forces and deflections of each member are 
related by an assumed stress-strain relationship. The 
displacements of the nodes are considered a s the unknown 
quantities. 
A further assumption is made that the webs transmit 
axial stresses as well as shear stresses as shown in Figure 
2, however the assumed stress di stribution is usually a 
simple one. 
There are an infinite number of sets of compatible 
nodal displacements but only the correct one satisfi e s the 
equilibrium conditions . Once the displacements have been 
determined, an additional set of calculations yields the 
forceso 
6 
Both the Force Method and the Stiffness Method require 
that the elements of the structure be connected so that no 
discontinuities of deformation occur and so that the 
elements are.in equilibrium with the external reactions and 
the forces they exert on each other. 
Although the Force Method and the Stiffness Method are 
the two primary methods used by the aircraft industry, these 
methods are seriously limited in that they yield results 
that differ unless identical mathematical models are used 
for each. Identical mathematical models are not always 
practicable. If dissimilar mathematical models are used, 
the Stiffness Method yields .the more satisfactory stress 
values and the Force Method yields the more satisfactory 
deflections ( 9) o 
In any finite element method, the size of the element 
is a critical factor. The confidence one can place in the 
results depends on the element size. Since many elements 
are usually required to obtain reasonable results, large, 
complicated computer programs are necessary to aid.in the 
computations. 
In order to circumvent these limitations, two other 
analytical methods, the Method of Timoshenko and the 
Rayleigh-Ritz Method, were explored in this study. The 
limitation of these methods is the assumption of stress or 
displacement functions. The more accurate the stress or 
7 
displacement functions,· the better the results. 
The position of a vibrating system which iS periodic in 
·time may be expressed by the relationship 
X = f (x ·) eill>t 
' J 
in which X must satisfy equilibrium conditions for the time 
·variable forces. X must satisfy the law of conservation of 
energy, that is, the sum of the changes of all forms of 
~nergy must be constant with time. The function f(xj) is 
the shape of the deflection.curve for the system: the modal 
shape function. The modal shape function undergoes changes 
only in amplitude in order to define X. In other words, 
f(xj) aids X in satisfying equilibrium conditions and the 
law.of.conservation of energy. For static problems, the 
eitJt term is equal to unity. Therefore, f(xj), being 
identiGal to ·X, must itself satisfy energy conservation and 
equilibrium. When a solution for f(xj) is readily apparent, 
. there is·no direct use.of the law of conservation.of energy 
.. or equilibrium; however, one or both laws .are involved as 
an essential to the solution. 
When a.solution for f(xj}.is not readily apparent, a 
solution can be obtained by properly Selecting .the optimum 
.f(xj) of all conceivable functions which satisfy boundary 
conditions. or system constraints. To aid in the proper 
selection of f(xj), one should first examine the Lagrangian 
equations. For a conservative system, a differential 
equation of an energy term is equivalent to the equilibrium 
equation, The energy equation is written as 
L = T - U, 
where, L = the Lagrangian function, 
U = the potential energy from a fixed datum, and 
T = the kinetic energy. 
Both terms are positive because they represent only quadratic 
terms of space variables, that is, every term in T and U is 
positive. The logical requirement in this case is 
T + U = constant> 0 
which may be written ~s 
T - U = -2U + C 
or 
U - T = -2T + C. 
These forms indicate that a difference of the energies can 
be dependent on either Tor U. This discussion assumes that 
both T and U are precisely known a.nd that the sum of both 
must be a constant to satisfy the law of conservation of 
energy. 
Both T and u.may be calculated from anf(xj) which is 
different from the correct value. Then T and U may be 
expressed as 
T = T' + ~T and 
' . 
9 
U = U' +OU, 
where T' and U' are the correct values. Then 
T + U = C 
becomes 
T' + 8T + U' + 8u = C 
or 
T' +U' =C-OT-OU. 
Since the arbitrary choice of T and U did not recognize how 
the correct value is separated from the erroneous one, OT 
and OTJ cannot vani$h. However, the least value may be 
selected by minimizing the energy, that is, 
.\ 
d ( T, + u, ) =-d (OU + 8T) o. 
In this respect the error is reduced to a minimum. The 
quantities 8T and 8u will have a least value which is 
constant, with the,consequence, 
T + U = C + C1. 
This indicates that the energy equation is in error by C1, 
therefdre (T + U) is in error as f(xj) is in error. 
It should be noticed that 
T - u = -2U + C - (CU + 8T) 
10 
leads to 
d(T - U) = -2dU - d(8u + 8T) = 0. 
The preceding analysis conforms with the natural phenomenon 
that nature seeks an equilibrium condition which requires a 
minimum overall change of energy. The application of this 
fact does not necessarily yield the correct answer. It has 
been shown that an error in f(xj) introduces the error C1 in 
the energy equation. This is an arbitrary error because the 
chosen f(xj) is arbitrary. Because of the quadratic form of 
T and U, both C and C1 would be greater than zero. A more 
correct solution could be obtained by minimizing the error 
with a better choice of modal shape, i.e., 
= 0. 
A slight variation in analysis is required when one 
form of energy is not a quadratic function of f(xj). As 
long as the conservation of ener~y is assumed, the sum of 
the positive changes must be a constant; therefore, the 
previous discussion applies to any system which has signifi-
cant changes in energy. 
In order to apply the minimizing condition, 
d(T + U) = 0, 
f(xj) is expressed as a function of an undefined parameter, 
that is, a constant factor ai. Then the condition 
11 
b( T + U) 
c5 ai = 0 
provides all the equations necessary to determine ai. If 
(T + U) is a homogeneous function, ai cannot be uniquely 
determined, however all ai's can be determined in terms of 
one ai, say ao. It then becomes necessary to find some 
additional condition to find ao. 
Thus, the Rayleigh-~itz Method is an approximation 
which depends on the principle of stationary potential 
energy. Deflection functions are assumed in the form of a 
polynomial series with undetermined coefficients. This 
method evades the compatibility conditions, satisfying them 
only approximately. Although deflection equations may be 
obtained which are usually very accurate, no reliability can 
be placed on the stresses which are obtained by the differ-
entiation of the deflection functions. Generally, the 
deflection functions chosen are approximations to the exact 
functions. Because the deflection functions are in error, 
the stress functions obtained by differentiating these 
functions will be in greater error. ~herefore, when 
stresses are of primary interest, a method other than the 
Rayleigh-Ritz Method should be used. A similar method 
employing the principle of least work can be used. This 
method ts usually referred to as the Method of Timoshenko. 
The Method of Timoshenko involves the selection of a stress 
function which satisfies the equilibrium and stress boundary 
conditions identically and compatibility approximately. If 
the stresses are of primary interest, the Method of 
Timoshenko provides a direct method of solution. 
12 
The Rayleigh-Ritz Method and the Method of Timoshenko 
yield identical results provided the exact deflection 
functions are used in the Rayleigh-Ritz solution, the exact 
stress function is used in the Method of Timoshenko, and an 
infinite number of terms is taken for both. 
The stress function derived in this dissertation is 
approximate, as are the deflection functions. Stresses 
derived from the deflection functions using the Rayleigh-
Ritz Method cannot be expected to compare with the stresses 
.obtained from the Method of Timoshenko. Conversely, the 
deflections obtained by the integration of the stress 
function contain large discrepancies. This is not to say 
that the stresses obtained by the Method of Timoshenko are 
not acceptable. The stresses will be accurate because 
boundary conditions and equilibrium conditions are satisfied. 
On the other hand, the deflections obtained by the Rayleigh-
Ritz Method should be a good approximation to the actual 
deflections. 
This study was undertaken to ~~amine the desirability 
of using the Method of Timoshenko and the Rayleigh-Ritz 
Method to calculate the stresses and deflections of canti-
levered skin panels, both stiffened and unstiffened. The 
study is primarily theoretical; however, experimental and 
analytical results of other investigators are available for 
comparison. 
13 
The study includes stress and deflection analyses of a 
cantilevered panel (~hown in Figure 3). The results of the 
cantilevered panel analyses are compared with a solution of 
Timoshenko (7), which was obtained using a uniform shear 
stress, having a resultant P, on the free end of a canti-
levered panel as shown in Figure 4. The stress equations 
used by Timoshenko were 
and 
0-x = 
Pxy 
I 
0-y - 0 ' 
' 
p ( 2 2) 
1xy = - 2 I b - Y • 
The deflection equations obtained by Timoshenko were 
u.. =- -
Px2t._ · µ_P't.3 Py3 ( Pa.2 Pb2 ) 
6EI 6EI + 6GI + 2 EI - 2GiI y 
and 
g, Pxy2 
+ 
Px 3 Pa.2x Pa..3 
V - 2EI 6EI 2EI + 3 EI • 
(1-1) 
(1-2) 
( 1-3) 
(1-4) 
(1-5) 
The analysis was then extended to a study of a stiff-
ened cantilevered panel (shown in Figure 5 ) which is the 
same panel used by Ayres (10). The panel was chosen so that 
the results could be compared to the analytical and experi-
mental results of Ayres, who used a stif.fness analysis in 
his study. 
Note: 
Thickness== l" 
Material: Aluminwn 
E = 10·1 psi; µ= 0.333 
14 
P == 1000 lb. 
y 
-x 
15" 
-----------~~ ·JO" ---------·,.-l1 
Figure J. Unstiffened Panel ·configuration 
15 
a 
b y 
~ ~------___;___--,,.-------.-f 
Figure 4. Assumed Loading for Timoshenko Solution 
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CHAPTER II 
THE DERIVATION OF A STRESS FUNCTION 
FOR A CANTILEVERED PANEL 
The Methoq of Timoshenko provides a direct method of 
solution for the stresses in the panel. In order to 
implement this method a stress function is required. This 
chapter is concerned with the derivation of an initial 
stress function which satisfies all stress boundary condi-
tions of a cantilevered panel of uniform thickness. A 
polynomial series containing undetermined coefficients is 
then added ~o the initial stress function in such a manner 
that the boundary stresses are unaffected by the series. 
Differentiation of the stress function yields the stresses 
in the panel. 
In order to obtain suitable stresses and deflections, 
and ~onsequently a suitable stress function, the investiga-
tion was initiated by assum~ng the deflection functions 
given in Appendix B. This approach was taken because it 
was believed that the Rayleigh-Ritz Method was simpler to 
apply and would yield accurate results. The most critical 
assumption in the Rayleigh-Ritz Method is the selection of 
the deflection functions. The effectiveness qf any energy 
method depends upon the satisfaction of boundary conditions 
17 
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as closely as possible. The functions given in Appendix B 
were unacceptable because the only boundary conditions 
satisfied were the deflection conditions at the fixed 
support, that is, u = O, v = O, at x = O, y = y. No other 
deflection boundary conditions were available. The selec-
tion of these functions was based on unpublished notes by 
Pickett (14) in which the hypothesis is put forth that 
certain minimum conditions are required for the effective 
use of the Rayleigh-Ritz Method. The minimum conditions 
prescribed were those of geometric boundary conditions. 
None of the deflection functions of Appendix B yielded 
satisfactory results which tndiqated that additional condi-
tions were required. Since no additional conditions were 
available, this approach was discarded and the problem was 
approached from the standpoint of stresses because more 
boundary conditions could be prescribed. 
The most critical factor in an analysis using the 
Method of Timoshenko is the choice of the stress function. 
The stress function should satisfy all stress boundary 
conditions and as many physical conditions as possible. 
However, the implementation of this requirement is not 
always feasible. The stress function, equation (A-1) 
given in Appendix A, was expressed to incorporate as many 
variables as possible. The mathematical manipulations 
became so cumbersome that the presumed advantage of sim-
plicity desired by the use of the Method of Timoshenko was 
negated. 
19 
The stress expressions, equations (A-4), were then 
selected to determine the feasibility of using uncomplicated 
stress equations. However, the application of the minimiza-
tion procedure showed that the coefficients, Band D, were 
too sensitive to round-off error. The stress function 
finally selected for the analysis which follows was select-
ed after equations (A-1} and (A-4) proved to be unsatisfac-
tory. 
Formulation of an Initial Stress Function 
The normal and shear stresses on an exposed surface 
must be zero if the surf~ce is unloaded. If the exposed 
surface is loaded, the surface stresses must correspond to 
the applied load. These facts required that the boundary 
conditions be specified as follows: 
(a) at y = b, . x = x, O"y = f (x), 
(b) at y = -b, x = x, CFy = O, 
( c) at x = o, y = y, CJ"x = O, 
(d} at x = O, y = y, Txy = 0, 
( e) at y = b, x = x, T XY = 0, and 
(f) at y = -b, x = x, Txy = o. 
The above boundary conditions are shown in Figure 6. In 
' addition to these boundary conditions the stress function 
should satisfy 
b 
(g) J CFx yciy = external moment and 
-!:; b 
(h) -l lxy dy = external load 
20 
y 
-x 
cry ::c o} 
'f'xy=O 
Figure 6. Stresf:1 Boundary Conditions 
at a~y vertical cross section. 
The f(x) in (a) above was determined by replacing 
the conGentrated load at the free end of the panel with a 
normal stress distribution in they direction along the 
upper edge of the panel. This stress distribution was 
selected in such a manner that at least ninety-five per-
cent of the area under the curve was located within one 
21 
half inch of the free end in order to approx~mate load con-
ditions on Ayres' experimental model. The assumed loading 
of the panel is shown in figure 7. The function selected 
was 
(2-1) 
The constants A and B were determined by equating the area 
under the 0-y curve to the load P and by equating the moment 
of the area of the 0-y curve to the moment of the applied 
load about the free end. These calculations were made in 
the following manner, The force due to the first term in 
equation (2-1) was obtained from 
-a. J i 3 a.4b3 Ax(x+a) (-4b )dx = -A~ • , (2-2) 
0 
The force due to the second term of equation (2-1) was ob-
tad.ned from 
(2-3) 
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f <x) 
y 
..... x 
Figure 7. Assumed Loading of Panel 
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The moment of the first term of equation (2-1) about an axis 
·perpendicular to the panel at x = O,.y = b was obtained from 
~a. J AxC><+e1l2(~4b3Jxdx • 4Ab3 t . 
o· 
(2-4) 
The moment of the second term of equation (2-1) about the 
same axis was obtained from 
-a. I B ( ><+a.)80( 4b?,) l< di( "' 
0 
4 B~a!s2 
(l81)(/B2) • ( 2 ... 5) 
The sum of equations (2-~) and (2-J) must balance the load 
P and the sum of equations (2-4) and (2-5) must.be zero,· 
ln other words, . 
(2-6) 
and 
4 81' a!_B2. + 4A 1/>a! = 0. 
181(182) .30 
(2-7) 
. Equati.ons (2.6) and (2-7) were solved simultaneously which ·· 
yielded 
and 
( /Bl )(1s2) p B= 718 aJSI b?J • 
The initial stress function which satisfied all 
boundary conditions became 
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Equation (2-8) was differentiated twice with respect toy 
to obtain the stressCTx. The differentiation yielded 
a-,="'°' =fA{{x+a.)5_ a.<x+a.>'- + ax4 + a!} 
x 'r YY L 2.0 12 12 .3 O 
_ x+a. _ a x _ a. ~ . { ( )182 181 182 }.~[ J8 (tat)(JBZ) /Bl (18/)(/82.) y (2-9) 
Equation (2-8) was differentiated twice with respect to x to 
obtain the stress cry. The differentiation yielded 
(2-10) 
Equ~tion (2-8) was differentiated once with respect to x and 
once with respect toy to obtain the stress -Txy. The dif-
ferentiation yielded 
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-T =A.. =[A{(x+a..)4 - a.(x+a.)3 a.4-} 
xy 'f"t'XY 4 .3 + 12. 
-8 {x+a.) - ~ 3(y1- b2) • { /81 181}~ ·[ J (2-11) /8/ /81 
Formulation of the Second and Third Stress Functions 
An infinite number of stress functions exist which 
will satisfy stress boundary conditions. The proper function 
is that one which minimizes the strain energy. Beca~se the 
initial stress function, ¢0 , was not necessarily the proper 
stress function, it was altered by adding an infinite poly-
nomial series which contained undetermined coefficients. 
The coefficients were determined by the minimization of the 
strain energy. The infinite series was selected so that 
the stresses corresponding to it vanished at the boundaries. 
The form of the complete stress function was 
( 2-12) 
Equation (2-12) was differentiated to obtain 
"A,. = [A { (x+a.)5 _ a (x + a/ + a4 x + a.s} 
't'YY . 20 /2 12. '30 
B x+a. a.. )< { ( ) 182 18/ 
- (/81)(182) - /8/ 
',, 
I 
. 4 ( 2. 2)~°'"' · C rn n-2. + X . y-b '.GL. n(n-1) mn X y. 
(2-13} . 
· . 2 ( 2 . 2.) 2."' ~ c· m n 
+12 X y-b LL mnX y, (2-14) 
.• and 
. m . =[A ..{ (x+af - a (x.+a.)3 + ·~ 4}· 
,xy . 4 3 · · 12. 
' ' 
-·B { (x+a)e' - .a..'8'}J[3 2. _3 b~ 
. 181 . 181 ] y J 
4. 2 2.)2.°'\~ ·. · m-1 n-1 
' + X (y - b .· L.Lmn cm., x, y 
4 ( 2 bz)~~ c ni-1 n 
+ 4>< Y Y - ~~ rn mn X Y 
( 2-15} 
\ . 
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The.strain energy·in the plate was written as 
' ~ ~ ' ' 
V " teJ J [ cp; + cf>1i + cf>x:] dx dy. (2-16) 
· . · X•O y=-b · · 
·Equati'ons (2-13), (2 ... 14) and (2-15) were substituted.into 
equation (2-16) to det'ermine the completed st:rain energy 
exp:ression as a function of the Cmn• This expression was. 
m;i.nimized with respect .to each Cmn, i. ~., 
oV 
.)..c 
u. mn 
0 
' ' 
which yielded. a set of indepE1ndent linear eqwtions in cmn ~ 
At this·point in the derivation a ;I.imitation on the number 
of undeterm:i,ned coefficients to be evaluated.was necessary 
.in order to facilitate the solution of these equations. 
The number of.coefficients waslimited to one to obtain the 
· second str~ss function, then to fo"Ur to obtain the third 
stress function. 
·The use of one undetermined coefficient resulted in the 
equation 
(5.6888a9b5 +. 22.·2912a7b7 + 46.8114a5b9 )c00 
:::i O. 0333Pa2h5 •.. (2-17) 
.The· .. length of the· panel, a, wa$ twice the height; 2b. This 
:rel~tionship was substituted into equation (2;..17) which 
', ' 
yielded 
28 
c00 = 0.0046 P/a7. 
Coo was substituted into equations (2-13) through (2~15) 
to obtain the.stresses from the second stress function. 
The use of four undetermined coefficients resulted in 
the equations 
and 
and 
-(5.6888a9b5 + 22.2912a7b7. + 46.8114a5b9)coo 
-3.7926a9b5Co1 + (46.486Ja6b9 + 24.J809a8b7 
+ 5.12ooa10b5)c10 + J.4133a10b5C11 = 
2 5 
- 0.0333 Pa b, 
... J.7926a9b5Coo -'(5.147la9b7 + 14.8608a7b9 
( 2.-18) 
i 4,2556a5b11co1 + 3.413Ja10b5C10 + (ll.3778a8b9 
+ 4.6J24a10b7 + 5.9105a6b11}c11 = ... 0.007824 Pa 6b2 
+ 0.000148 Pa2b6 + 0,060221 Pa4b4, 
(65,0159a6b9 + 15.6038a8b7 + 5.12ooa10b5)Coo 
+ 3.4133a10b5C01 - (92.8798a7b9 + 27.0900a9b7 
11 5 • . 11 5 · 
+ 4.6545a b )C10 - 3,1030a b c11 = 
(2-19) 
and 
3.4133a10b5Coo + (6.9892a8b9 + 4.6324aiob7 
+ 5.9105a6b11 )Co1 - 3.l030a11b5cl0 - (8.3227a9b? 
+ 4.2113a11b7 + s~4436a7b11 )c11 = 
- 0.000002 Pa3b6 + 0.018047 Pa5b4. 
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( 2-20) 
(2-21) 
The relationship, a= 4b, was substituted into equations 
(2.-18) through (2-21) which yielded the matri:x: equation 
-7.265 ... 3.793 204.762 102.400 
[:J -0.032 2.856 0.853 67 .968 6.349 3 .413 -201.450 -93.091 
0.004 o._317 0.103 - $.9~0 
Tne solution of equation (2-22) yielded 
Coo= 0.0088J P/a7, 
Co1 = b.50708·P/a7, 
C10 = -0.00019 P/a7, and 
C11 = 0.01947 P/a7. 
coo -0.0333 
I 
Co1 -0.1250 
-
-
C10 0.0136 
C11 -0.01;30 
(2-22) 
These coefficient$ were.f:lubstituted into equations (2-13) 
. through (2-15) to obtain the st:resses from the third stress · 
function. 
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The values of the O"x stresses are shown in Table I. 
The first two columns locate the. point · at which the 0-x 
stresses were calculated. · Column three shows the. 0-x stresses 
calculated from the re-sults o:C Timoshenko given by equation 
( 1-1). Column four shows the 0-x stresses calculated with 
the initial stress function,. i. e,, · equation (2-9). 
· Column, five shows the <Tx stresses calculated with the 
second stress funct,ion, i, e., equation ( 2~13) with one 
Cmn. Column six shows the 0-x stresses calculated with the 
~~ . ' 
third stress function,-i. e., equation (2-13) with four 
The values of the O"'y stress.es are shown in Table ~I. 
The first two columns locate the point at which the O"'y 
stresses were calculated, Qolumn three shows the 0-y 
stresses calculated from the results of Timoshenko as given 
by equation ( 1-2). Column four · shows the 0-y stresses cal-
culated with the initial stress functiort,.i. e., equation 
(2-10). Column five shows the O-y· stresses calculated·with 
the second stress function, i~ e., eq~ation (2~14) with one 
Cmn. .Column six shows . the oy stresses calculated with the 
third stress function, i.e., equation (2-14) with four 
Cmn's, 
·The·values of the 'txy stresses a.re shown in Table·III~ 
· The first, two columns locate the point at which the 1'xy 
stresses were calculated. Column three shows the Tx.y 
.;· 
stresses calculated from the results of Timoshenko as 
given by equation (1-,3). Column f~1,1r shows the 'tx.y stresses 
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TABLE I 
0-x STRESSES IN PANEL 
lnitial Second Third 
Stress Stress Stress 
X y Timoshenko Function Function Function 
0 7.5 0 0 0 0 
5.0 0 0 0 0 
2.5 0 0 0 0 
o.o 0 0 0 0 
-2.5 0 0 0 0 
-5.0 0 0 0 0 
-7.5 0 0 0 0 
-5 .o 7.5 -133.J -132. 5 -132. 5 -132 .4 . 
5.0 
-
8EL9 - 88.3 - 88.J - 88.J 
2.5 - 44.5 - 44.2 - 44.2 - 44.2 
0.0 0 0 O· 0 
..;2. 5 44.5 44.2 44.2 44.2 
-5.0 88.9 88.3 88.J 8$.3 
-7.5 133.3 132 .5 132. 5 132. 5 
-10.0 7.5 -266.7 -268.9 -268.9 -268.4 
5.0 ... 177.8 -179.7 -179.7 -179.8 
2.5 - 88.9 - 90.0 
-
90.0 - 89.8 
o.o 0 0 0 0 
-2.5 88.9 90.0 90.0 89.8 
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TABLE I (Continued) 
Initial Second Third 
Stress Stress Stress 
X y Timoshenko Funct:i,.on Function Function 
-5.0 177.8 179.7 179.7 179.5 
-7,5 266.7 268.9 268.9 26EL5 
-15,0 7.5 -400.0 -405,8 -405.8 -404.1 
5.0 -266.7 -270.5 -270.5 -271.0 
2.5 -133 .3 -135. 3 -135. 3 -136.0 
Q.O 0 0 0 0 
-2.5 133,3 135.3 135 .3 135.9 
-5 .o 266.7 270.5 270.5 271.0 
-7.5 400.0 405.8 405.8 404.1 
-20.0 7.5 ... 533.3 -531.8 -531,8 -528.9 
5.0 -355,6 .. 354.5 -354. 5 ... 355.3 
2.5 -177.8 -177,3 ... 177.3 -178.5 
0.0 0 0 0 
-
0.02 
-2.5 177,8 177.3 177.3 178.4 
-5.Q 355.6 354.5 354.5 355,3 
-7.5 533;3 531.8 531.$ 528.9 
-25.0 7.5 -666.7 -653.5 -653.5 -652.2 
· 5 .0 
-444-4 ... 435. 7 -435. 7 -436 .0. 
2.5 -222.2 -217.8 -217.8 -218.4 
Q.O 0 0 
-
0.03 
-
0.05 
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TABLE I (Oont:i.nued) 
Initial Second . Third 
Stress Stress .Stress 
y Timoshenko Funct:L.on Function Function 
-2.5 222,2 217.8 217.8 2;1,8. J 
-5.0 444.4 · 435 .7 435.7 436.0 
.... 7.5 666.7 653.5 653.6 652.4 
-30.0 7.5 -800.0 -800.0 ... 799.9 -809.4 
5.0 -533.3 -533,3 -533 .J -530.8 
2.5 -266.7 -266.7 -266.7 -262. 8 
o.o 0 0 
-
0.04 .,. 0.06 
-2.5 266.7 266.7 266.6 262.7 
... 5 .o 533.3 533.3 533.3 530.9 
... 7.5 800.0 $00.0 800.1 809.9 
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'· TABLE,II 
,L ·. . . ----. , 
G"y STRESSES IN PANEL 
Initial Second Third 
Stress Stress Stress 
X y Timoshenko Function· Function Function 
0 7.5 0 6117.0 6117.0 6117.0 
5.0 0 5664.0 5664.0 5664.0 
2.5 0 4531.0 4531.0 4531,0 
0.0 · . 0 3059.0 3059.0· 3059.0 
... 2. 5 0 1586.0 .· 1586.0 1586.0 
-5.0 0 453.0 453.0 453.0 
-7 . .5 0 0 0 0 
-5•.o 7.5 0 0.6 0.6 0.6 
5.0 0 0.6 0.6 0.6 
2.5 0 0.5 0.5 0.4 
-2.5 0 0.2 0.2 0.2 
-5.b 0 0 0 0.1 
-7.5 0 0 0 0 
-10 .. 0 7, 5 . 0 0.8 0.8 
-
0.8 
. 5 .o 0 0.8 0.8 0.7 
2.5 0 0.6 0.6 0.5 
. o.o 0 0.4 ,.. 0.4 0.4 
-2.5 0 0.2 0.2 0.3 
-5.0 0 0.1 0.1 0.1 
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TABLE II (Continued) 
Initial Second Third 
Stress Stress Stress 
X y ·Timoshenko Fu.net ion Function. Function· 
-7.5 0 0 0 0 
-15.0 7.5 0 0.7 .,. 0.7 0,7 
5.0 0 0.6 0.6 0.6 
2.5 0 0.5 0.5 0.5 
o.o 0 .,. 0.4 0.4 0,4 
... 2 • 5 0 0.2 · 0.2 0;2 
... 5 .• 0 0 0.1 0.1 0.1 
-7,5 0 0 0 0 
-20~0 7,5 0 0 0 0 
5.0 0 0 0 0.2 
2.5 0 0 0 0.2 
o.o 0 0 0 0 
-2.5 0 0 0 0 .. 2 
. . . . 
... 5 .o. 0 0 0 0.2 
.·.·.,.7.5 0 0 0 0 
-25,0 · 7,5 0 O· 0 0.5 
;.o 0 o. 0 - 0.6. 
2.5 0 0 0 0 
o.o 0 0 0 0 
-2.5 0 0 0 0.7 
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TABLE II (Continued) 
Initial Second· Third 
· Stress Stress Stress 
X y Timosnenko ·· Function Function ·Funotion 
-5 ,0 · 0 0 .o 0.5 
... 7,5 0 0 0 0 
-JO.O 7.5 0 0 0 0 
5.0 0 0 0 1.1 
2.5 0 0 0 1.4 
().Q 0 0 0 0 
-2.5 0 ·o 0 1.5 
-5.0 0 ·o 0 1.1 
-7.5 0 0 0 0 
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1'ABLE III 
1xy STRESSES IN PANEL 
Initial Second "Third 
· Stress .Stress Stress 
:x; y Tirnoshenk;o Function Functio.n Function 
0 7.5 0 0 0 0 
5~0 55.6 0 0 0 
2.5 $$.9 0 0 0 
O·.O 100.0 0 0 0 
-2.5 88.9 0 0 0 
-5.0 55.6 .. o. 0 0 
-7. 5. 0 0 0 0 
-5.0 
. .. 
b 7.5 0 0 0 
.· 5 .o 55.6 56.2 56.2 56.2 
2.5 88.9 89.9 89.9 90.0 
o.o 100.0 101.2 .· 101.2 101.2 
-2.5 88,9 . 89.9 89.9 ·90.0 
-5,0 55.6 56.2 56.2 56.2 
-7.5 0 ·o 0 0 
~10.0 7.5 0 0, 0 0 
5.0 55.6 56.0 56.0. 56.0 
2.5 88.9 89~6 89.6 89.7 
O·.O 100.0 · 100.8 · 100.8 101.0 
-2 ~·5 8fL9 89.6 .89.6 89.8 
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TABLE IJ;l (Co.ntinued) 
Initial. Second· Third 
Stress Stress Stress 
X y ',l'imoshenko Function Function Function 
-5 .o · 55.6 56.0' 56,0 56.1 
~7.5 0 0 0 0 
-15.0 7.5 0 0 0 0 
5.0 55.6 55.8 55.8 55.9 
2.5 88.9 89.J '89,3 89.5 
0.0 100.0 100,4 · 100~4 100.7 
.-2.5 88.9 $9-3 89.J 89.6 
,;_5 .o · 55~6 55.8. .55°8 56.1 
.. 7.5 0 0 0 0 
-20,0 ?,5 0 0 0 0 
:5.0 55.6 55~6 55.6 56.0 
2.5 88.9 $9.0 89.0 89.1 
o.o 100.0 100.1 100.1 100.2 
-2.5· 88,9 . 89.0 89.0 89.3 
-5 .o. ·55.6 55.6 55.6 56.2 
-7-5. 0 0 0 0 
-25~0 7,5 0 0 0 0 
5.0 55.6 55.6 55.6 56.3 
2. 5. 8lL9. 88.9 88.9 85.6 
o.o .100.0 100.0 100.0 99.1 
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TABLE III (Continued) · 
Initial Second Third 
Stress Stress St11ess 
y Timoshenko Function Function Function 
-2.5 88.9 88.9 88.9 88.6 
-5.0 55.6 55.6 55.6 56.4 
-7-5 0 0 0 0 
-JO.O 7.5 0 0 0 0 
5.0 55.6 55.6 55.6 57.0 
2.5 88.9 88.9 88.9 87.2 
o.o 100.0 100.0 100.0 96.5 
-2.5 8EL9 88.9 88,9 $6.8 
-5.0 55.6 55.6 55.6 56.5 
.. 7.5 0 0 0 0 
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calculated with the initial stress function, i.e., equation 
· (2-11), Column .five shows the 'Txy stresses calculated with 
the second stress function, i.e., eqttation (2-l5) with one 
Cmn. Column. six shows the 1xy stresses ca.lculated with the 
third stress function, i •. e., equation (2-15) with four 
Cmri.'s. 
The CTx results indicated in Table I show slight devi-
ations. from the results of Timoshenko. There is little 
difference in the results regardless of whether the initial 
stress function, second stress f1.mction, or third stress 
function is used. Apparently the use of the initial stress 
function will .result in only a.slight error in any calcu-
lation. The maximum difference between the initial stress 
function.and the third stress function is 1.24 percent at 
the point x = -30; y = -7.5. The maximum deviation should 
occur somewhere along the fixed end because the fixed end 
is farthest removed from the boundary at which the 0-x 
. . 
stresses were specified.in the .formulation of the stress 
function. The ma:x;;i.mum difference .between the solution of· 
Timoshenko and the third st:ress function is 2 .1 percent. at 
the point x. = ~25, y ~ -7.5. 
The CTy res~lts indicated in Table II show a sharp devi-
·ation ,from the results. of Timoshenko. ·The simplicity of the 
assumed ioadingin the analysis of Timoshenko excludes the 
. possibility of 0-y stresses ~nywher~. i;n the panel. The 
assumed loaciing in this analysis recognizes the e~istence 
. of G"y throughout .the panel. · The three stress functions 
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derived in this analysis yield nearly.identical ay results. 
The maximum value·. o.f O"'y natur~lly occurs at the point of 
application of the load.· 
The 1xy results indicated in Table III differ slightly 
from the solution of Timoshenko. The largest deviation 
occurs at the free en.d:where the load is not well defined. 
· Once again,. the results of the three stress functions fit 
. the physical loading in t.his analysis more closely. than 
Timoshenko. The free end of the panel is a free surface 
which can hardly support a shear stress as indicated by 
Timoshenko. The results of all three stress functions 
throughout.the rest of the structure differ only slightly 
from Timoshenko's results. The largest deviation of 3.2% 
occurs at x = -30, y = O, in the third stress function. 
The 0-x stress distribution at several cross sections is · 
. shown in· Figure 8; the 0-y distribution at several cross 
$actions is shown in Figure 9; and the 1xy distribution at 
several cross sections is shown in Figure 10. 
The selected.stress ;function resulted in stresses 
which are within,2% of Timoshenko's va.lties wherever compar-· 
ison is proper. Additional terms to the initial stress 
function change·the stresses .by 2.1%.or less. 
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7.5 
CBAPTER III 
THE DERIVATION OF DEFLECTION EQUATIONS 
FOR A CANTILEVERED PANEL 
The method of Timoshenko can be extended directly.to 
obtain the deflections, provided the stress function is 
exact. The stress functions chosen in Chapter II are not 
exact, therefore another approach was necessary to obtain 
the deflection equations. The Rayleigh-Ritz Method provides 
· a direct solution £or the deflections of the panel. In 
order to implement this method deflection equations with 
undetermined coefficients must be selected. The initial 
stress function of Chapter II was used to determine the de-
flection equations. 
Formulation of Deflection Equations 
The u and v deflections may be expressed as 
(3-1) 
and 
(J-2) 
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.,: 
Substitution of equations (2-8) and (2-9) into equations 
(3-1) and (J-2) yielded 
· and 
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Difficulty was encounte:red in the attempt to determine 
f(y) in ~quation (3-3) and f (:x:) in equation (3-4). This 
difficulty was due to the inability of the stress function 
to satisfy compatibility. The relationship for shearing 
stress, 
_ du + dv 
- dy dx ' {3-5) 
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could not be satisfied because the stress function used in 
this analysis was _an approximation, not an exact function. 
Under the classical approach with an exact stress function, 
equation (3 ... 5) would be automatically satisfied. Equc;1tion 
(3 ... 5) contained, not only functions of x and function~ of y, 
but functions of the product, xy, as well. The functions 
f(x) and f(y) could not be determined. 
The.difficulty was circumvented in the following. manner: 
· 1. u was completely de.fined by imposing the boundary 
condition that u was zero everywhere along the 
support. 
2. · v was determined by. means of. vari.o·us expressions 
for f(x} in the form.of polynomials with undeter ... 
mined coefficients. 
3. The undetermined coeffici.ents were evaluated with 
the Rayleigh ... Ritz procedure. 
The boundary condition, 
u = 0 at x = -a, y = Y, 
was applied and the expression for u became 
E.· = [A{ (x+a.l' :... a (x+a.)5 + a.4-x2. + a.sx}·. 
.. lA . 12.CJ . · 60 . 2.4- ·. . 30 
: J (x+~)IB?> . a.'e'x'L ~IBZx \l ~ ] 
- B {(18?>)(/82)(181) - 2. (181) - (182)(18/)Jj L6 ~ 
-ulA{. (X-Kl)4 - a. (x+o.13}- 6 (x+a.)'8'l[y'-3bzy~2il 
. r L 4 .. . a . . ,a, J . J 
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_ [A a.6 + 90Ba.'8 ~116 ] L 12.0 ~81)(/'82) J L 1J • (J-6) 
The deflection of a cantilevered beam can be closely approxi-
mated by a cubic equation therefore the f(x) in equation 
(3-4) w~s replaced with the expression 
in which each A coefficient was undetermined. A0 was 
evaluated by imposing the condition that the average v 
deflection at the support was zero, i.e. 
b J vJ dy .. o. 
--b x•-c:l. 
The procedure yielded A0 :.: 8550. The strain energy for the 
plate was written in the form 
V: ijr,( .. { E [ (~. )2 + 2~ou. av + /~1~. 
z J ,-µ,'- ax cfx dy \dy J 
+ E ·[· fS2!4)2. + 2 d U £!. + (d V) ]. }, dx dy. 
2 ( 1 • µ) : \ d y . d y dx dx . · 
( 3.,.7) 
The potsntial energy of the external load was expressed as 
PE =J (op~ t dx. 
. · Y•b 
( 3-8) 
Equations (3-4) and (3-6) were substituted into equation· 
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(J~?) •. Equation (2 ... 8), evaluated at the upper edgE?, and 
.equation (3-4), also evaluated at the upper edge, were sub-. 
\ . 
stituted. into equation (3-8). The resulting expression was . 
substituted into the Rayleigh-Ritz condition 
d . . . 
~·(v- PE) ; o. 
. n . , 
(3-9) 
This yielded two simultaneous equations, 
(3-10) 
and 
(3-11) 
which in turn yielded 
and 
·A2 and A3 were substituted into equation (3~4) to determine 
the v-deflections. These results, along with.the evaluation 
o.f the u ... deflections, are compared with the re~ults of 
Timoshenko in Table IV. 
TABLE IV 
DEFLEC"TIONS OF CANTILEVERED PANEL 
u 
Rayleigh-
X y Timoshenko Ritz Timoshenko 
o~o 7.5 -0.00104 -0.00126 0.00320 
o.o o.o -0.00002 -0.0032-0 
-7.5 0.00104 0.00120 ·0.00320 
-15.0 .7. 5 -0.00074 -0.00117 0.00105 
0.0 0.0 0.0 0.00100 
-7.5 0.00074 0.00117 0.00105 
-JO.D 7.5 -0.00016 0.0 0.00100 
0.0 0.0 0.0 0.0 
-7.5 0.00016 0.0 0.00100 
V 
Rayleigh-
Ritz 
0.00755 
·0.00380 
0.00295 
-0.00243 
0.00223 
0.00243 
0.00096 
0.00086 
0.00096 
Adjusted 
0.00660 
0.00300 
0.00200 
0.00148 
0.0013-8 
0.00148 
0.0 
0.0 
0 .. 0 
Vi 
0 
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Table IV also contains a column of adjusted values for 
the v.,.deflections. The v-deflections at the support should 
be zero, however this condition could not be obtained from 
the assumed stress function. Although an average v-deflec-
tion of zero at the fixed .. support was imposed, apd other 
attempts to help v vanish did not succeed, .the v-deflections 
at the fixed support were assumed to be the reference null 
values. 
The results indicated in Table IV compare favorably 
with the results of Timoshenko. The differences are caused 
primarily by the difference in loading used in this investi--
gation and that used by Timoshenko and by failure to satisfy 
compatibility precisely. As pointed out in Chapter II, the 
application of a shear load on the free end of the panel 
does not accurately approximate the actual loading, there-
fore the results of Timoshenko do not show a difference in 
v-deflections between the upper free edge and.the lower free 
edge. With the assumed loading of this study a difference 
in v-deflections between the· two edges does exist. The v-
deflection·at the center of the free end does compare favor-
ably with the value given by Timoshenko. It should also be 
noted that the average value of the v-deflections at the 
.free end compares with the value given by Timoshenko. The 
u-deflections differ in a similar manner. Those given by 
the methods used in this investigation are slightly larger 
than those given by Timoshenko. Deflections at several 
cross seGtions are shown in Figures 11 and 12. 
-0.0015 
u, 
! 0.0010 z 
-
-
0.0005 
--
·O.OQ..05 
-0.0010 
- ANALYTICAL 
-0.0015 
-- TIMOSHENKO 
y 
-7.5 -5.0 ·2.5 0 2.S, 5.0 
Figure 11. u~deflectione; of Panel at, Several Cross 
Sections 
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X=-15 
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CHAPTER IV 
THE DERIVATION OF STRESSES IN A CANTILEVERED 
STIFFENED PANEL 
The method of Chapter Il was extended to a stiffened 
.panel by evaluating the effects of a change in cross section 
on variousparameters of the physical configuration. The 
initial assumption in this investigation was that the 
problem was one of plane stress for which the significant 
parameters are the thickness, the moment of inertia, and the 
first moment of area abou.t the neutral axis. 
O"x Stresses 
The nature -of the applied load suggested that the most 
Significant parameter .in the determination of the O"x 
stresses was the moment of inertia because bending was a 
dominant feature. The CTx stresses in the st:Lffened panel 
were determined from the equation 
. - . L=, 
Oxsp - Isp ~P • 
This proced-ure resulted in an approximation to the 0-x 
stresses in the stiffened panel. 
(4-1) 
.., .. 
· The analytical values shown in Table V were calculc:i.'ted 
54 • _-W<-> 
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TABLE V 
O"'x STRESSES IN STIFFENED PANEL 
Ayres Ayres' 
X y Analytical Experimental Theoretical 
o.o · 7. 5 0 
5.0 0 
2.5 0 
0.0 0 
-2.5 0 
-5 .. 0 0 
-7-5 ·0 
- 5.0 7~5 - 829 -1050 -1050 
5.0 - 553 - 178 
2.5 - 274 .50 - 300 
o.o 0 339 
-2.5 274 300 450 
... 5 .o 553 488 
-7 ~5 829 850 650 
-10.0 7.5 -1682 
5 Ql,i, ... •' 
-1126 
2 • .5 - 563 
o.o 0 
-2.5 563· 
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TABLE. V .( Contin~ed} 
Ayres' Ayres' 
X .y Analytical Experimental Theoretical 
-5.0 1126 
-7.5 1682 
-15.0 7.5 -2531 -2050 -2400 
5.0 -1697 -1464 . -1625 
2.5 - 851 - 650 - 725 
o.o 0.04 112 50 
-2. 5 851 750 875 
-5 .o 1697 1518 1600 
-7. 5 2531 2050 2400 
-20.0 7.5 ... 3313 
5.0 -2225 
2.5 -1118 
o.o 0.12 .., 
-2.5 1117 
-5.0 2225 
-7-5 331.3 -
-25.0 7.5 -408.5 -3200 .... 3950 
5.0 -2731 -2425 
2.5 -1368 -1150 -1075 
o.o 0.34 
-
80 
... 2.5 1367 950 1075 · 
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TABLE V (Continued) 
.. ·.; A ' yres ... Ayres' 
X y Analytical Experimental Theoretical 
... 5 .0 2731 2430 
-7-5 4085 ;3650 3950 
-30.0 7.5 -5072 
5.0 
-3324 
2.5 -1646 
0.0 0.75 
-2., 1645 -
-5.0 3325 
-7°5 5072 
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.from eg;uat:i.on (4-1). ·The numerical values of the moments of 
ine:r-tia were Isp = 44.9 in4 and Ip= 281.25 in4. Ayres' 
experimental.values were obtained by calculating the 
stresses based on axial strain gage readings at the points 
.. shown. Ayres' theoretical value~ were obta:Lned with a 
stiffne~s analysis. 
· Generally, .. the· analytical 0-x values of this investiga-
tion compare favorably with Ayres' ·theoretical values. How-
ever, Ayres' experime'n.tal values vary greatly from the 
values obtained in this analysis. Tpe largest difference 
between the·analytical values and Ayres' theoretical values 
.. occurf;:I at a cross sect.ion five inches froJn .the free end. 
The reason fdr this difference will be discussed later. 
These results are shown in Figure 1J. 
A comparison of the crx stresses at· a. vertical cross 
section through the middle of the panel is shown in Figure 
14~ The section was chosen so that the ·value.s from the beam 
equation, 
(4-2) 
could. be included. The Principle of St. Venant should 
apply at t:tlis cross section,.thereforE;) the results obtained 
from equation (4-2) should. closely approximate the true 
values, The analytical. results of this investigation 
compare very well with the values obtained from equation 
(4-2). The theoretical values of Ayres are less everywhere 
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by·approximately 5%; Ayres' experimental values are less 
by approximately 18%, The resisting mament on the cross 
section, calculated from the results of this investigation, 
was within 5% of the actual moment. The moment calculated 
from the experimental result~ of Ayres was 18% less than the 
actual moment. These observations indicate that the experi-
mental results were in.error.because moment equilibrium is 
not satisfied. 
A comparison of the values obtained in this analysis 
and the theoretical and experimental values of Ayres at a 
section twenty-five inches from.the free end is shown in 
Figure 15. Again, the results of this analysis compare more. 
favorably with Ayres' theoretical values than with Ayres' 
experimental values. 
Several factors could be responsible for the apparent 
error in Ayres' experimental results. The experimental 
stresses were obtained by calculations based on surface 
strain readings. The surface strains developed in the panel, 
particularly :ln the stringers, do not represent. the true 
strains over the entire thickness. A variation of strain 
may exist with the maximwn value occurring at the mid-point 
of the section. A photoelastic analysis of a "T" section 
beam subjected to pure bending was performed by Shah (15), 
whose results show that the axial surface stresses in the 
large portion of the "T" are approximately 7% less than the 
axial stresses at the center of the section. 
A slight error could have been incurred because of an 
4500 
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z 
O 1500 
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error in the applied. load. A serious error in this respect 
is improbable however, because the ·load was applied through 
a calibrated strain gage load cell. 
The difference between the res11lts of this investiga-
tion and the theoret;ical re~mlts of Ayres could partly 
result because of the approximations used in each analysis. 
The Stiffness Method is a finite element approximation and, 
as such,.the number of elements has a direct bearing on the 
accuracy of the results. The Method of Timoshenko is also 
an approximation. The accuracy of the stress function, 
hence the stress values, depends on the number of terms used 
in the approximation. 
1'xy Stresses 
The shear stress. in a cantilevered beam is evaluated 
from the equation 
The significant parameters are I, the moment of inertia of 
the cross section, Q, the first moment of the area above the 
point at which the stress is to be evaluated, and t, the 
thickness at the point at wh;ich the shear stress is evalu-
a,ted. 
The shear stresses in the unstiffened panel were 
extended to the stiffened panel by means of the equation 
64 
(4-3) 
where k was de.termined from the equation, 
This procedure resulted in an approxi,mation to the fx_y 
stresses in the stiffened panel. The value of k varies with 
y at any vertical cross section. Values of k for various 
points on a vertical cross section are shown in Table VI. 
The results of equation (4-3) and the experimental data 
of Ayres' are·shown in Table VII. The data of Ayres were 
obtained by calculatihg the stresses based on strain rosette 
values at the points shown .. A large difference between the 
analytical Tx_y va.lues and Ayres' experimental values exists 
at every cross section. 
A comparison of the 1xy stresses ~ta section five 
inches from the free end is shown in Figure 16. There 
appears to be no correlation between the data at all. 
A comparison of the analytical values and Ayres' exper-
imental values at a section fifteen inches from the free end 
is shown in Figure 17. Once .again, no correlation is evi-
dent. 
A comparison of the shear stresses at a point 17.5. 
inches from the free end of the·panel is shown in Table VIII 
and in Figure 18. The results of this investigation compare 
. y 
. + 6.25 
· +5.0 
· ..· ±3 .75 
. +2.5 ·, 
+1.25, ,· 
:> O·.O . 
. ·.:.... ~-'. . 
. TABLE VI. 
• k VALUES 
Vertical Sections at, 
x.=O, -10 ,·-20, -.30 .. 
6.,88 · 
.6~$g' 
· .•.· o.se···. 
6.88. 
' ' ' 
· .. 6 ..• 8$ · 
6r$s 
Vertical Sections at 
·· all other x' s 
. ·· .. 29.16 
17 .• 35 
· .. l4-43 . 
· .. · '1.76 
,, 1J~65 
. , 13 -1+4 . 
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TABLE . v;rr 
'T'x.y STRESSES IN STili'FENED PANEL 
X y Analytical 
o.o 7.5 0 
5.0 0 
. 2 .5 0 
o.o 0 
-2.5 0 
-5.0 0 
... 7 • 5 0 
... 5 .o 7.5 0 
.· 5.0 975 
:.2 .• ·5 158 
o.o 1361 
... 2. 5 158 
... 5 .o 975 
~7·.5 0 
... 10.0 7.5 0 
5 .o 385 
2 • .5 617 
··O O . . 695 
-2. 5 
.. 
6l8 
... 5 .o 386 .. 
Ayres' 
Experimental 
.-
·599 
1065 
751 
66 
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TABLE VII (Continued) 
Ayres'· 
X y Analytical Experimental 
-7-5 0 
· -15 .o 7.5 0 
5.0 970 726 
2.5 157 
0.0 1354 :L070 
·. -2. 5 157 
-5.0 973 871 
-:7 ~ 5 0 
-20.0 7.5 0 
5~0 385 
2.5 61.3 
o.o 689 
-2.5 614 
-5.0 386 
.. 7.5 0 
-25.0 7.5 0 
5.0 977 751 
~ .. 5 l~O 
o.o 13,32 · 981 
-2.5 156 
-5.0 979 9],5 
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TABLE VIl (Continued) 
Ayres' 
y Analytical Experimental 
... 7.5 Q 
-JO.O 7.5 0 
5.0 392 
2.5 600 
o.o,-, 664 
-2. 5 597 
-5.0 . 389 
-7.5 0 
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TABLE VIII. 
COMPARISON OF 7xy STRESSES AT A CROSS-SECTION 
17.5 INCHES FROM THE FREE END 
Ayres' Ayres' 
Experimental Theoretical Analytical 
750 892 
800 1020 970 
860 1085 
940 1331 
960·· 1320 1348 
980 1331 
900 · 1085 
800 960 970 
760 892 
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favorably with the theoretical values of Ayres, The largest 
difference between these values is 5%, The experimental 
values d::iffer by as much as 4;3%with the analytical values. 
Experimental data were not reported for the stringers, 
· therefore an evaluation of the results in impossible. The 
summation of the shear forces on any vertical cross section 
should balance th~ external load. The analytical data are 
within 5% of this requirement. The summation of the shear 
forces based on experimental data cannot balance the extern-
al load because all data points are less than those obtained 
in this ana1ysis. This evidence seems to indicate that the 
experimental data are in error. Possible reasons for the 
error have been discussed previously. A comparison of the 
analytical and experimental rxy values at a section twenty-
five inches from the free end is shown in Figure 19. The 
difference in all values is extremely large. 
The ·salient features of the previous discussion are: 
1. Analytical results differed from experimental 
· results by 18% for CTx . stresses and by 43% for 7'xy 
stresses. E;.xperimental results do not satisfy the 
fundamental equilibrium requirements. 
2. Analytical results compare favorably with elemen~ 
tary theory. 
3~ Analytical results compare favorably with Ayres' 
theoretical analysis. 
4. Analytical results satisfy·equilibrium more closely 
than Ayres' experimental re suits.· 
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CHAPTER V 
THE DERIVATION OF DEFLECTIONS FOR A 
CANTILEVERED STIFFENED.PANEL 
The deflections. of a panel depend upon several param-
eters of the panel. These parameters are the moment of 
inertia,, of the cross section, the modulus of elasticity, and 
the shearing modulus. The unstiffened panel was of the same 
material as the stiffened panel, therefore the most signifi-
cant parameter is the cross sectional moment of inertia. 
The method of Chapter III was extended to a stiffened panel 
by evaluating the effect of a change in cross section on the 
deflections. 
··Formulation o;f Deflection Equations 
·The deflections of the stiffened panel were determined 
from the equations 
(5-1) 
and 
V - Ip V 
. sp - - P • 
Isp 
(5-2) 
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.This. procedure resulted in an approximation to the def1eG-
tions of the stiffened panel. 
76 
The results of equations (5-1} and (5-2} are shown in 
Tahle IX. The numerical values of the moments of inertia 
were Isp = 44.9 in4 and Ip= 281.25.in4. ·Experimental data 
were available from .a study by Ayres for a few selected 
.. points. A comparison of the. v-deflections along the top 
stringer is shown in Figure 20. No experimental data for 
u-deflectionswere reported by Ayres, therefore a comparison 
was impossible. 
The results shown in Figure 20 indicate a variance in 
the v-deflections of Ayres' data with the results of this 
investigation. ·The deflection of a cantilevered beam maybe 
accurately represented in the form of a cubic equation. A 
caritileyered panel should exhibit similar characteristics. 
Ayres' data appears to represent a straight line. A deflec-
tion curve .of this type should be exhibited by a pane 1 in 
pure shear, however the loading on the panel in this investi ... 
·gation induced shear ·and moment at every section. ·The 
· experimental curve is defined by only three data po:i,nts. An 
error in one data point couJ,d.markedly change the shape of. 
· the curve, . therefore . the accuracy· of such a curve could be 
que~tioned. ·The analytical results shown in Figure 20 
appear to exhibit the trend expected because of the nature 
·. of the physical loading. An evaluation of the accuracy of 
the results is difficult beQause the error involved.in the 
Rayleigh-Ritz.Method cannot be evaluated. 
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TABLE IX 
u AND v DEFLECTIOWS OF 
STIFFENED PANEL 
X y u V 
o.o · 7. 5 -0.0079.3 0.0413 
3,75 -0.00392 0.0279 
o.o ... 0.00012· 0.0188 
I 
-3-75 0.00373 0 .0136 
-7,5 0.00753 0.0125 
-l.5,0 7.5 -0.00735 0.0093 
. 3. 75 
-0.00282 0.0085 
0.0 o.o 0.0085 
-3. 75 0.00282 0. 0085\1 
... 7. 5 0.00735 0.0093 
... 30.0 7,5 o.o 0.0 
3. 75 ·. o.o 0.0 
o.o 0.0 0.0 
... 3. 75 o.o 0.0 
-7.5 . o.o. o.o 
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.Several faotorswer1:;1 evident which would tend to cause 
the analytical r~sults and Ayres' experimental results to 
·differ. The math1:;1matical model and the physical model 
differed in the manner in which·the fixed end of the panel 
· wa$ represented. Four bolts were used to clamp the. panel in 
place. Whether this method of clamping actually represents 
a fixed support is subject to debate. Indeed, Ayres 
r.eported som1:;1 rotation of the panel at the support. This 
rotation was subtracted.from.the readings of the dial indi-
cators to determine the deflections. The accuracy of the 
dial indicat~rs is also subject to question. 
Some error is inherent in the mathematical model because 
of the manner in which the concentrated load was represented 
by a distributed load, however the error should be very 
slight. 
·'l'he analytical results shown in Figure ;20 exhibit the 
t,ren,ds expected with the type of loading of this analysis.· 
· Large strains should be evident at the appl;i.ed· load and 
decrease rapidly as the fixed support is app:ro.ached. ·.Ayres' 
experimental re.sults do not appear· to yield trends whiGh are 
consistent with the physical loading.· 
;- .,: . 
CHAPTER .VI 
CONCLUSIONS AND RECOMMENDATIONS 
. The resulting Ox and rxy stresses. obtained with the 
Method .of Timoshenko differ by as much as 18% and 43% 
respectively from Ayres' experimental values. However, 
Ayres' experimental values for 0-x stresses did not. satisfy 
moment equilibrium and his rxy stresses did not satisfy 
force equilibrium. The crx and lxy stresses. obtained with 
the Method of Timoshenko compare within 5% of Ayres' 
theoretical values which were obtained with a stiffness 
analysis. Ayres'· theoretical CTx · values and the crx values 
obtained with the Method of Timoshenko both satisfy moment 
equilibrium within 5%. Ayres' theoretical 'lxyva1ues and 
. the /xy values obtained with the Method of Timoshenko 
both satisfy force equilibrium within·5%. ·From these 
results it can be concluded that the Method of Timoshenko 
can be successfully applied to a cantilevered stiffened 
panel. 
The Rayleigh-Ritz Method produced deflections for the 
cantilevered stiffened panel. A valid evaluation of these 
deflections was impossible because of the lack of suffi-
cient experimental data. The available experimental data 
were of questionable reliability because of the manner in 
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which they were obtained. 'J'he magnitude of the deflections 
and the deflection characteristics of this study were 
·reasonably·realistic. The conclusion drawn from these 
results is that the Rayleigh-Ritz Method can be successfully 
applied to a cantilevered stiffened panel. 
There are no specific guidelines to indicate the pre-
cise distance from the applied load at which St. Venant's 
Principle may be invoked. The results of the analysis 
indicate.that St. Venant's Principle may be applied in the 
central portion of the panel; however, there is no evidence 
to indicate that such is the case near the applied load. 
The results of this investigation apply near the applied 
load as well as in other sections of the panel. 
Both solutions, for stresses and deflections, have 
been checked with the classical. Timoshenko analysis of an 
unstiffened cantilever problem. The resulting o-x stresses 
were within 1.24% of those obtained from the Timoshenko 
analysis. The resultingCTy stresses deviate sharply from 
.the results of Timoshenko, but this deviq.tion arises because 
of the difference in the description of the applied load. 
· The resulting Txy stresses were with.in J. 2% of the results 
of the Timoshenko analysis. Therefore, it is concluded 
that the Method of Timoshenko and the RaylE?igh-Ritz Method 
can be successfully applied to an .unstiffened cantilevered 
panel. 
The difficulties encountered in this investigation 
were the result of the selection o~ the stress functions 
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and the deflection functions. TheSE;l difficulties have been 
discussed in Chapter II. The functions should satisfy as 
many boundary conditions anci physical conditions as possi-
ble, yet be expressed in a simple form. Otherwise tl1,e 
mathematical manipulations become extremely.cumbersome, if 
not impossible. The investigation which was begun using 
the deflection functions in Appendix B with the Rayleigh-
Ritz Method yielded unsatisfactory results because it was 
impossible to define sufficient boundary conditions. The 
Method of Timoshenko was then used with the stress function 
of Append:Lx A. The nature of this particular function re-
sulted in unwieldy expressions in attempting to minimize 
the strain energy. 
Thus, it is now apparent that the Method of Timoshenko 
and the Rayleigh-Ritz Method, subject to the restrictions 
given above, fulfills the need for a method which will yield 
results as accurate as finite element methods. This method 
could be applied to other areas such as: 
1. An investigation of the effects of various aspect 
ratios on the stress and deflection values of a 
rectangular stiffened panel. 
2. An investigation of.the stresses and deflections 
of skin·panels of various geometric shapes and 
various load conditions. The Method.of Neou (16) 
should be examined before selecting a stress 
function. It is.a simplified procedure for re-
ducing stress functicms expressed as doubly in-
finite.power series~to desired polynomial forms 
on the basis of compatibility and boundary con-
ditions. The Method of Neou was not directly 
applicable to this analysis. 
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3. An investigation of skin panels with cu,tout 
sect.ions :u,sihg .the methods· outlined in this 
analysis. A serious problem could arise in the 
selection of a stress function which will satisfy 
. boundary conditions, including those of the cut-
out section. 
4. A photoelastic analysis of skin panels of various 
geometric shapes and load conditions. SuQh 
analyses would be invaluable in order to cor-
roborate the results of previous investigations. 
5. A thorough similitude study of the parameters. of 
panels with vario.us cross sections. 
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APPENDIX A 
THE USE OF POLYNOMIAL EXPRESSIONS TO 
APPROXIMATE STRESS FUNCTIONS 
The Method of Timoshenko will yield excellent results 
if the stress function completely describes physical condi-
~ions. The stress function selected in this appendix was 
. writt~n in general terms to take advantage of this fact. 
The·polynomial expression used to approximate the stress 
function for the unstiffened panel was 
).._ A.· 2q+2c2p+-I( cz)2· Zq+-2b2p+-I 
'f'- qpT) ~ 1-~ a (A-1) 
with the coordinate axes shown in Figure 21. Equation 
(A-1) was differentiated to obtainCTx, 0-y, and f'xy. These 
expressions were substituted into the stress-strain relation-
ships 
and 
E ::;: ou.. -= J_ (a: -11. 07. ). 
x ox E x r 'l 
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(A ... 2) 
(A-3) 
l 
b 
b 
~~----~----'_l 
,---..~~~--~-a~~~~-'311o!J 
Figure 21. Coordinate Axes for Stress Function 
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x,YJ 
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.Equation (A-2) was integrated to obtain the expression for· 
· u which. contained· a function of y, f (y). · Equation (A-3) was 
... 
integrated to obtain a~ expression for v which contained a 
function of x, g(x). These functions, f(y) and g(x), were 
evaluated by applying the boundary conditions on the expres.-
sions for u and v. The potential energy of the applied load 
was calculated using the v-deflection equation. The strain 
energy in the panel, based on stresses, was calcula~ed. At 
this point the equations became too unwieldy to be of any 
further use. This stress function was discarded. 
A second approximation was attempted by defining 
individual stresses with undetermined coefficients. The 
assumed stresses were 
CTy-= 6B(x+a)(yt-b), 
and 
The procedure was the same as that used in the previous 
approximation. No satisfactory values for. the coefficients 
Band D were obtained, therefore these equations were dis-
ca;r-ded. 
APPENDlX B 
THE USE.OF TRIGONOMETRIC EXPRESSIONS TO 
APPROXIMATE DEFLECTION EQUATIONS 
The Rayleigh-Ritz Method will yield exceptionally accu-
rate results if the deflection functions closely approximate 
~hysical conditions. The fixed conditions at the support 
were the only boundary conditions available. 
Several trigonometric expressions were used to approxi-
mate the deflection equations for the stiffened panel. 
These deflection equations were 
· rrrx srry • 
srn 25 c.os ZH , 
(b) ~~ 2rn7TX t.l-::. ?-,J L. drnn sin . B roe. 2n rry 
-... ..., H ' 
V = ~ .. ~ ·b lrITX C05 2. 5 rry LL -'rs sin ~ H , 
( C) ~°" "' c: mn-x nrry U ::: LL (.,A..,mn ..,,ri 4B cos 4H ' 
V ~"' b <1n '!'"rrX Co"'- orry ,. ::: G L · rs '"' ' 1 413 ~ 4 1-1 
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and 
V: LL brs (1-cos r;t) C05 :r • 
The reference axes used in this appendix are shown in 
Figure 22. 
The deflection equations given above were applied in 
the .following manner: 
1. The strain energy, based on strains, was written 
for the web section of the stiffened panel, 
2. · The strain energy of·bending and the axial strain 
energy was written for the stringers. 
3, The potential energy of the app::J.ied load was 
written. 
4. The total energy of the system was minimized with 
respect to the undetermined coefficients in the 
deflection .equations which yielded a set of linear 
simultaneou~ equationS. from which the coefficients 
were· evaluated. 
'rhe calculations were performed on a digital computer using 
as many as. thirty ... nine coefficients. The deflections were 
from ten to three hundred time·s too ~mall. No further · · 
calculations were considered. 
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Figure 22. Coordinate Axes for Deflection Functions 
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